We give a definition of isometric action of a compact quantum group on a compact metric space, generalizing the definition given by Banica for finite metric spaces, and prove the existence of the universal object in the category of compact quantum groups acting isometrically on a given compact metric space.
Introduction
It is a very natural and interesting question to study quantum symmetries of classical spaces, particularly metric spaces. In fact, motivated by some suggestions of Alain Connes, S. Wang defined (and proved existence) of quantum group analogues of the classical symmetry or automorphism groups of various types of finite structures such as finite sets and finite dimensional matrix algebrs (see [17] , [18] ), and then these quantum groups were investigated in depth by a number of mathematicians including Wang, Banica, Bichon and others (see, for example, [1] , [2] , [3] and the references therein). However, it is important to extend these ideas and construction to the 'continuous' or 'geometric' set-up. In a series of articles initiated by us in [5] and then followed up in [6] , [8] , [7] and other articles, we have formulated and studied quantum group analogues of the group of isometries (or orientation preserving isometries) of Riemannian manifolds, including in fact noncommutative geometric set-up in the sense of [9] as well. It remains to see whether such construction can be done in a metric space set-up, without assuming any finer geometric (e.g. Riemannian or spin) structures. This is achieved in the present article, generalizing Banica's formulation of quantum isometry groups of finite metric spaces. Indeed, in [7] , we have proposed a natural definition of 'isometric' action of a (compact) quantum group on an arbitrary compact metric space (extending Banica's definition which was given only for finite metric spaces), and showed in some explicit examples the existence of a universal object in the category of all such compact quantum groups acting isometrically on the given metric space. In the present paper we slightly modify this definition (for finite spaces it is still the same) and have been able to prove the existence of such a universal object in general, i.e. for an arbitrary compact metric space. The construction has two basic steps. The first step is to define a quantum group analogue of group of permutations of an infinite countable set, and to show that this quantum group has a certain universal action on the C * algebra C(X) (where (X, d) is the given metric space), in the sense that for any compact quantum group acting faithfully on C(X), the corresponding universal enveloping von Neumann algebra, viewed as a Hopf von Neumann algebra, can be identfied as a quantum subgroup of this 'quantum group of infinite countable set' (denoted byÃ). The next step is to construct (using the metric d) a suitable quantum subgroup B d of this von Neumann algebraic quantum groupÃ, such that B d becomes a compact quantum group, and moreover, its natural action (which is a-priori only von Neumann algebraic, i.e. 'measurable') on C(X) induced by the 'universal' action ofÃ, becomes a C * -action on C(X). Then it is shown that this action is indeed universal among the C * -actions by compact quantum groups which are 'isometric' in a natural sense ( defined by us).
This universal compact quantum group should be called the quantum isometry group of a metric space, and it will be very interesting to study its general properties as well as to compute such qantum isometry groups in explicit examples (see [7] for few such examples which are not finite spaces). We hope to address these issues in our future work.
Preliminaries

Some facts about C(X)
which are uniformly continuous w.r.t. the metric d restriected to Γ. Indeed, any such function has a unique continuous extension to X, which gives the inverse from π Γ (C(X)) to C(X).
For any (seprable, unital) C * algebra B, there is a unique C * tensor product C(X) ⊗ B, and in fact, C(X) ⊗ B is isomorphic with the C * algebra C(X, B), consisting of B-valued continuous functions from X, with the norm F = sup x∈X F (x) B , where · B denotes the norm of B. This is easily seen to be isomorphic with the C * -algebra of uniformly continuous functions from Γ to B, for any countable dense subset Γ of X.
Let C d denote the space of all f ∈ C(X) for which there is a positive integer n and a constant C (both C and n may depend on f ) such that
By Stone-Weirstrass Theorem, we have
Note that X being a compact metric space, the classes of Baire and Borel measurable (complex valued) functions coincide, and thus the so-called universal enveloping Baire * -algebra for C(X) (see [12] , [10] and references therein) is the same as the algebra of bounded Borel functions. By the universal property of the enveloping Baire * -algebra, every * -representation of C(X) admits a unique σ-normal extension to this algebra, and by restricting we get a canonical σ-normal representation of l ∞ (Γ). Since l ∞ (Γ) is a Baire * -algebra (i.e. closed under monotone sequential limits) and acts faithfully on the separable Hilbert space l 2 (Γ), σ-normality is equivalent to normality. We summarize this in the following: Lemma 2.2 Given any * -representation ρ : C(X) → B(K), where K is any Hilbert space, and any countable dense subset Γ of X, we have a unique normal * -homomorphismρ :
Quantum groups and their actions
A compact quantum group (CQG for short) is a separable unital C * algebra S with a coassociative coproduct (see [19] , [20] ) ∆ from S to S ⊗ S (injective tensor product) such that each of the linear spans of ∆(S)(S ⊗ 1) and that of ∆(S)(1 ⊗ S) are norm-dense in S ⊗ S. From this condition, one can obtain a canonical dense unital * -subalgebra of S on which linear maps κ and ǫ (called the antipode and the counit respectively) making the above subalgebra a Hopf * algebra. In fact, we shall always choose this dense Hopf * -algebra to be the algebra generated by the 'matrix coefficients' of the (finite dimensional) irreducible unitary representations (to be defined shortly) of the CQG.
We also need a von Neumann algebraic counterpart, to be called a Hopf von Neumann algebra, where S above is replaced by a von Neumann algebra M, the C * -tensor product by ⊗ w the coproduct ∆ (which now takes value in the von Neumann algebra tensor product) being assumed to be normal. We should remark here that in literature, Hopf von Neumann algebras are usually assumed to have bounded antipode; though there are variations in literature. However, we do not a-priori assume boundedness of the antipode or counit of our Hopf von Neumann algebras, and thus, it might have been more appropriate to use the term 'von Neumann bi-algebra'. Nevertheless, we stick to the term Hopf von Neumann algebra, as long as it is understood that the antipode and counit are allowed to be unbounded.
A Hopf von Neumann algebra is called a von Neumann algebraic (locally compact) quantum group if there are left-invariant and right-invariant faithful normal semifinite weights (see [11] for details). It is said to be of compact type, or a compact von Neumann algebraic quantum group, if the above weights are finite, i.e. can be chosen to be a state. In general, von Neumann algebraic quantum groups admit unbounded (not everywhere defined) antipode and counits. In particular, we shall need the fact (see [11] ) that the antipode is closed in the σ-strong- * topology, and hence closable and densely defined in the σ-weak topoloogy as well. This is a consequence of the fact that the graph of the antpode, being a convex σ-strong- * -closed subset, must be closed in the σ-weak topology too. It is also known that the domain of the antipode is a * -algebra.
Given a CQG S, there exists a canonical invariant (Haar) state (not necessarily faithful), and the von Neumann algebraS r generated by the GNS representation of S in the GNS space w.r.t. the Haar state becomes a compact von Neumann algebraic quantum group. On the other hand, the universal enveloping von Neumann algebraS of S is a Hopf von Neumann algebra. It has bounded normal counit and antipode whenever S has bounded counit and antipode. The Haar state of S extends to a normal invariant (not necessarily faithful) state onS, to be called the Haar state again. However,S is not in general von Neumann algebraic quantum group due to the non-faithfulness of the Haar state on it. There is the canonical surjective, normal morphism of quantum group fromS to the von Neumann algebraic quantum groupS r , which is the universal extension of the GNS representation of S.
We say that a CQG S (with a coproduct ∆) (co)acts on a C * algebra C if there is a C * -homomorphism β : C → C ⊗ S such that Span{β(C)(1 ⊗ S)} is norm-dense in C ⊗ S, and it satisfies the coassociativity condition,
It has been shown in [13] that there is a unital dense * -subalgebra C 0 of C such that β maps C 0 into C 0 ⊗ alg S 0 (where S 0 is the dense Hopf * -algebra mentioned before) and we also have (id ⊗ ǫ) • β = id on C 0 . In fact, this subalgebra C 0 comes from the canonical decomposition of C into subspaces on each of which the action β is equivalent to an ireducible representation. Similarly, for a von Neumann algabraic quantum group (M, ∆) a normal (co)action on a von Neumann algebra N is a normal unital injective * -homomorphism β : N → N ⊗ w M which is coassociative. In case of a Hopf von Naumann algabra with bounded normal counit (say, ǫ) we shall define an action by further requiring the condition
From now, let us use the term 'quantum group' to mean any of the above mathematical entities, namely CQG, von Neumann algebraic quantum groups and Hopf von Neumann algebras. We also use the term 'action' to mean both the C * actions of CQG as well as normal action of Hopf von Neumann algebras. For a Hilbert C * (von Neumann) module E over a C * (von Neumann ) algebra C, we shall denote by L(E) the C * (von Neumann) algebra of adjointable C-linear maps from E to E. We shall typically consider the Hilbert C * or von Neumann modules of the form H⊗S, where S is C * or von Neumann algebra, and the Hilbert module is the completion of H ⊗ alg S w.r.t. the weakest topology which makes H ⊗ alg S ∋ X → X, X 1 2 ∈ S continuous in the norm or the σ-strong operator topology respectively. We shall use two kinds of 'leg-numbering' notation: for T ∈ L(H ⊗ S), we denote by T 23 and T 13 the elements of L(H ⊗ H ⊗ S) given by T 23 = I H ⊗ T ,
, where σ 12 flips two copies of H. On the other hand, we shall denote by T 12 and T 13 the elememts T ⊗ id S and σ 23 • T 12 • σ 23 respectively, of L(H ⊗ S ⊗ S), where σ 23 flipes two copies of S.
A unitary representation of such a quantum group (S, ∆) in a Hilbert space H is given by a unitary U from H to H ⊗ S, or equivalently, the
. We denote by ad U the map B(H) ∋ X →Ũ (X ⊗ 1)Ũ * . We say that an action (C * or von Neumann) β of a quantum group S on a C * or von Neumann algebra C is implemented by a unitary representation in a Hilbert space H if there is a faithful (also normal in the von Neumann algebra case) representation π of C in B(H) such that (π ⊗id)•β(a) = ad U (π(a)) for all a ∈ C. Given such a unitary representation U , we denote byŨ (2) the untaryŨ 13Ũ23 ∈ L(H ⊗ H ⊗ S), and consider
, which is given by ad U (2) (x ⊗ y) :=Ũ (2) (x ⊗ y ⊗ 1)Ũ (2) * , for x, y ∈ B(H). We use similar notation for an action β of S on some C * or von Neumann algebra C implemented by U , i.e. take β (2) ≡ β (2) U (this may in general depend on U ) to be the restriction of ad U (2) to C ⊗ C or C ⊗ w C (respectively). This will be referred to as the 'diagonal action', since in the commutative case, i.e. when C = C(X), S = C(G), with G acting on X, the action β (2) does indeed correspond to the diagonal action of G on X × X. However, we warn the reader that when S is no longer commutative as a C * algebra, i.e. not of the form C(G) for some group G, β (2) may not leave C ⊗ C (or even C ⊗ w C) invariant, so may not be an action of S on C ⊗ C.
Remark 2.3
The 'diagonal action' β (2) is not same as the one considered in [7] ; in fact, the diagonal map of [7] is actually (at least for finite spaces) the unitary U (2) considered in the present paper, so is not an algebra homomorphism in general.
We shall also need more general, possibly non-unitary, but non-degenerate representation of a quantum group S on a Hilbert space H, which is given by an elementṼ of L(H ⊗ S) such that the range ofṼ is dense in H ⊗ S and (id ⊗ ∆)(Ṽ ) =Ṽ 12Ṽ 13 . We denote by V the map H ∋ ξ → V (ξ) :=Ṽ (ξ ⊗ 1) ∈ H ⊗ S. Clearly, the linear span of the set {V (ξ)(1 ⊗ s), ξ ∈ H, s ∈ S} is dense in H ⊗ S. Any non-degenerate representation of a CQG decomposes into direct sums (not necessarily orthogonal direct sum) of irreducible subrepresentations (see [13] ), and any irreducible representation is finite dimensional, and in fact equivalent to a unitary irreducible representation. Moreover, the subalgebra S 0 generated by the 'matrix elements' of the irreducible representations is a norm-dense Hopf * -algebra, and it is contained in the domain of the antipode κ and counit ǫ. Clearly, S 0 is σ-weakly dense inS, so κ and ǫ can also viewed as σ-weakly densely defined maps onS. Let π h denote the GNS reprsentation of S w.r.t. the Haar state, and letS r be the weak closure of π h (S) as before. Letπ h :S →S r be the universal extension of π h as mentioned before. It is known that π h is one-to-one on S 0 , so that we can identify S 0 as a common subset ofS as well asS r , and view S andS r as the completion of S 0 w.r.t. two different σ-weak topologies, the former being stronger than the latter. Since we have already noted that the antipode κ is closable w.r.t the σ-weak topology ofS r , it follows that it is so w.r.t. the σ-weak topology ofS as well. The same argument will go through if σ-weak topology is replaced by any other natural topology, e.g. σ-strong or σ-strong- * . Moreover, by the stanadard results on von Neumann algebras, the graph of the σ-weak closed extension coincides with that for the σ-strong- * closed extension of the antipode, and we denote this closed (w.r.t. any of the above locally convex topologies) by κ again. In a similar way, we shall denote by ǫ the σ-strong- * closed counit map.
We need one more remark. It is easy to see that the proof of part 1,2 of Theorem 1.5 of [13] goes through verbatim for a nondegenerate representationṼ of the Hopf von Neumann algebraS on a separable Hilbert space H; all that is needed is to replace the norm-density by density in the appropriate locally convex topology, and the fact that S 0 is still dense in this topology. In particular, S 0 is dense in the σ-strong topology, which implies that the span of {V (ξ)(1 ⊗ y), ξ ∈ H, y ∈ S 0 } is dense in H ⊗S. Let {π i , i ∈ I} be an enumeation of inequivalent irreducible representations of S, where I is some index set, and let t i mn , m, n = 1, ..., d i (d i < ∞) be the 'matrix elements' corresponding to the irreducible representation π i . We can now proceed as in [13] , and consider the linear maps E i mn (ξ) := (id ⊗ h)(V (ξ)(1 ⊗ t i mn )), for ξ ∈ H, to get a decomposition of H into subspaces H ij , i ∈ I, j = 1, 2, ..., n i ; 0 ≤ n i ≤ ∞; such that V | H ij is equivalent to the irreducible representation π i , and the linear span of H ij s, say H 0 , is dense in H. Let us also note that S 0 is contained in the domain of both κ and ǫ, and κ(t i mn ) = w i mn , ǫ(t i mn ) = δ mn (Kronecker delta), where 
Proof:
SinceṼ is a partial isometry of the Hilbert von Neumann module H ⊗S, with the range ofṼ being the whole space, it will suffice to prove that the kernel ofṼ , i.e. the orthogonal complement of the range ofṼ * , is trivial. We have used here the fact that closed subspaces of Hilbert von Neumann modules (unlike the C * modules) are always orthocomplemented. Let H ij , and H 0 be as discussed just before the statement of the lemma. Thus, V maps H 0 into W 0 := H 0 ⊗ alg S 0 , where S 0 is the Hopf * -algebra mentioned before. Recall that the antipode κ is (σ-weakly) densely defined closable map and we claim that (id ⊗ alg κ)| W 0 is closable in the topology of H ⊗S. To prove the claim, we observe that for ξ ∈ H 0 , X ∈ W 0 , we have,
SinceṼ is a bounded map, clearly T := (id ⊗ κ) •Ṽ is closable too, and we also observe (by the remark preceeding the statement of the lemma) that on H ij ⊗ S 0 , and hence on W 0 , one has TṼ =Ṽ T = 1. We claim that this will imply Ker(Ṽ ) = (0). Let X ∈ Ker(Ṽ ), and by density of W 0 , choose a sequence X (n) ∈ W 0 converging to X. So we have,Ṽ (X (n) ) →Ṽ (X) = 0. However, X (n) = T (Ṽ (X (n) )) → X, so by the closability of T , we must have X = 0, which completes the proof of the first part of the lemma.
For the second part, we shall give a proof of the statement conerning the antipode only, since the proof for the counit is very similar. Note that we have already shown thatṼ is unitary, soṼ −1 =Ṽ * . We can now easily see (using the remark before the lemma) that the statement holds for ξ, η in H ij , and hence in H 0 as well. For arbitrary ξ, η ∈ H, we choose sequences ξ n , η n from H 0 converging to ξ, η respectively. Clearly, a n := V ξn,ηn → a := V ξ,η in norm, hence in the σ-strong- * -topology. SinceṼ * is bounded, we have similar convergence of κ(a n ) to b =Ṽ * ξ,η . The closedness of κ now implies that a ∈ D(κ) with κ(a) = b. 2
The quantum group of permutations of a countably infinite set
We shall now define a quantum analogue of the 'permutation group of a countably infinite set'. Recall that the C * algebra of the quantum permutation group of n objects, defined by Wang, is the universal unital C * algebra A n generated by q (n) ij , i, j = 1, ..., n, satisfying q
(n) ij = 1 for all j, and j q (n) ij = 1 for all i.
Lemma 3.1 There exists a universal C * algebra (say A) generated by symbols q ij , i, j = 1, 2, . . . , satisfying
(the above series converge in the strict topology of the multiplier).
Proof :
Consider the (formal) * -algebra B 0 generated by symbols b ij satisfying b ij = b * ij = b 2 ij , and for i, j, k, l such that j = k, i = l, b ij b ik = 0, b ij b lj = 0. It is easy to see that this * -algebra admits many representations in Hilbert spaces. For example, for any n, we can take b (n) ij = q (n) ij for i, j ≤ n, and set b (n) ij = 0 otherwise. Clearly, b (n) ij satisfy the required relations, so that we get a * -homomorphism ρ n : B 0 → A n sending b ij to b (n) ij . For any representation φ of the C * algebra A n into some Hilbert space, we obtain a representation of B 0 by composing φ and ρ n . Moreover, since each b ij is a self adjoint projection, the norm of its image under any representation into some Hilbert space must be less than or equal to 1. This implies that the universal norm defined by b := sup π π(b) , where π varies over all representations of B 0 into some Hilbert space, is finite. The completion of B 0 under this norm is denoted by B and this is the unversal C * algebra generated by b ij satisfying the relations described in the beginning of the proof. Now, we observe that for fixed i, p
b ij is an increasing famly of projections in B, so it will converge in the strict topology of the multiplier algebra M(B) to some projecton, say, p i . Similarly, for fixed j, we get p j := lim n n i=1 b ij in M(B). Let I denote the both sided, norm-closed ideal of M(B) generated by {1 − p i , 1 − p j , i, j = 1, 2, . . .}, and set A to be the (separable, but possibly non-unital) C * subalgebra of M(B)/I generated by {q ij := b ij + I}. We claim that this is indeed the universal C * algebra described in the statement of the lemma. Let D be a C * algebra generated by elements t ij satsfying the relations (2) . By the universality of B, we get a C * -homomorphism from B onto D which sends b ij to t ij , and it is clearly nondegenerate, hence extends to a unital, strictly continuous * -homomorphism, say ρ, from M(B) onto M(D). In particular, ρ(p i ) = j t ij = 1, and ρ(p j ) = i t ij = 1, so we have ρ(I) = (0). This induces a homomorphism ρ 1 : M(B)/I → M(D), and it is clear that ρ 1 (q ij ) = ρ(b ij ) = t ij , which completes the proof of the universalty. 2 We set M = M(A). Viewing q ij s as the elements of the opposite C * algebra A op , say q o ij , it is easy to see that the map q ij → q o ji canonically induces a C * homomorphism from M(A) to M(A op ), which can be viewed as an anti * -homomorphism from M(A) onto itself, to be denoted by κ. By universality, we also have C * homomorphisms ∆ : A → M(A ⊗ A) and ǫ : M(A) → C given by
The universal enveloping von Neumann algebra of A, sayÃ, naturally becomes a Hopf von Neumann algebra with bounded normal counit and antipode, which are normal extensions of ǫ and κ respectively, to be denoted again by the same notations. For a countable dense subset Γ of the compact metric space (X, d), say Γ = {x 1 , x 2 , . . .}, let us denote by χ i the function on Γ which is 1 at x i and 0 elsewhere. We have a normal unital * homomorphism α Γ :
From the universal properties of q ij s it is easy to verify that this is indeed a normal action of the Hopf von Neumann algebraÃ in the sense described before. Moreover, this is implemented by a unitary representation U Γ which is given by the same formula as α Γ , but viewing χ i s as orthonormal basis in the Hilbert space l 2 and verifying the unitarity. Thus,
For any (two-sided) Hopf von Neuamnn ideal I ofÃ let us denote by π I the quotient map fromÃ toÃ/I. We shall also denote the induced antipode and counit onÃ/I by κ and ǫ respectively, as long as no confusion arises.
The next lemma shows that the the normal action α Γ in some sense gives a universal quantum group action on C(X) (see [4] , [17] where a similar result is proved for a finite set X).
Lemma 3.2 Given a CQG S which has a (C * ) action β on C = C(X), and any countable dense subset Γ of X, there is a unique morphism ρ :Ã →S of Hopf von Neumann algebras (whereS is the universal enveloping von Neumann algebra of S, viewed as a Hopf vpn Neumann algebra), satisfying
ρ • α Γ =β,
whereβ denotes the canonical normal extension of β to l ∞ (Γ) obtained by Lemma 2.2, which is a normal action ofS on
l ∞ (Γ) = π Γ (C(X)) ′′ . In particular,
if β is a faithful action, there is a Hopf von Neumann ideal of
A, say I β , such thatS ∼ =Ã/I β .
Proof:
Given the * -homomorphism β from C ≡ C(X) to C ⊗ S ⊆ B(l 2 (Γ)) ⊗ B(H S ) (where H S is the universal enveloping Hilbert space for S), we get (by Lemma 2.2) a canonical normal extensionβ of β from l ∞ (Γ) to l ∞ (Γ) ⊗ wS (whereS = S ′′ ⊆ B(H S ), and note that l ∞ (Γ) = (π Γ (C)) ′′ in B(l 2 (Γ))). We can writeβ(χ i ) as a weakly convergent sum j χ j ⊗ s ji , where s ij ∈S. Let us explain this little more. Note that there is a mutually orthogonal sequence of projectionsχ j := χ j ⊗ 1, j = 1, 2, ..., in the von Neumann algebra l ∞ ⊗S satisfying jχ j = 1. Moreover, it is clear that for any X ∈ l ∞ ⊗S, identified as anS-valued function on Γ, we haveχ j X has support only at the point j, i.e. of the form χ j ⊗ x j for some x j . This gives us s ji satisfying χ j ⊗ s ji =χ jβ (χ i ). It is easily seen (using the fact that β is a * -homomorphism) that s ij satisfy the relations s * ij = s 2 ij = s ij , and j s ij = 1 ∀i. Now define anS-linear mapW on l 2 ⊗ algS by settingW (χ i ⊗ q) = j χ j ⊗ s ij q, and using the relation j s ij = 1, it is easily seen thatW is an isometry, hence extends to the whole of the Hilbert von Neumann module l 2 ⊗S satisfyingW * W = 1. Moreover, we observe that the mapṼ defined byṼ (f ⊗q) :=β(f )(1⊗q), f ∈ l 2 , q ∈S, coincides with the adjoint ofW , i.e.
Ṽ ξ, η S = ξ,W η S for all ξ, η in l 2 ⊗ algS . Indeed, due to theS-linearity, it is enough to check the above relation for ξ = χ i ⊗ 1, η = χ k ⊗ 1, say. We have,
This shows thatṼ extends to anS-linear, bounded map on the von Neumann module l 2 ⊗S. Clearly,ṼṼ * =W * W = 1, andṼ is a representation ofS. By Lemma 2.4,Ṽ is unitary, i.e.Ṽ * Ṽ = 1 as well. Now, it is easily seen that this implies i s ij = 1 ∀j.
Thus, s ij satisfy all the defining relations of q ij , so that there is a normal * -homomorphism ρ :Ã →S such that ρ(q ij ) = s ij It is also easy to verify that ρ is indeed a morphism of von Neumann algebraic quantum groups, and by construction it satisfies ρ • α Γ =β on the weakly dense subsets spanned linearly by χ i s, and hence on the whole of l ∞ (Γ). 2
SinceÃ has bounded everywhere defined counit and antipode, and the antipode κ also satisfies κ 2 = id, we immidiately conclude the following, which in particular implies that Kac algebras are the only compact quantum groups which may faithfully act on C(X). 
Let us prove the result for the antipode only; the proof for the counit being very similar. Without loss of generality, we replace S by the C * algebra generated by elements of the form β(f )(x). We denote the antipode ofÃ andS by κ and κ S respectively. Note that κ is bounded normal map. Now, in the notation of Lemma 3.2,Ṽ is a unitary representation ofS, so by the second part of Lemma 2.4, we get that s ij =Ṽ χ i ,χ j ∈ D(κ S ). Thus, the * -algebra generated by s ij s, say S 1 , is contained in D(κ S ). Moreover, in the notation of Lemma 3.2, we have ρ(q ij ) = s ij . It follows that for a belonging to the (σ-strong- * dense) * -subalgebra A 1 ofÃ generated by q ij s, we have ρ(a) ∈ D(κ S ) with κ S (ρ(a)) = ρ(κ(a)). Now, for an arbitrary a ∈Ã, we choose a net a i from A 1 converging to a in the σ-strong- * topology, so that ρ(a i ) → ρ(a) (by the normality of ρ), κ S (ρ(a i )) = ρ(κ(a i )) → ρ(κ(a)), by the normality of κ. Since κ S os σ-strong- * closed, it follows that ρ(a) ∈ D(κ S ) with κ S (ρ(a)) = ρ(κ(a)). Thus, κ S is everywhere defined closed (in σ-strong- * , hence w.r.t. norm as well) linear map onS, so the norm-boundeness as well as normality of κ S follows from the closed graph theorem. 2
We shall denote byŨ 
4 Quantum group of isometries of (X, d)
Definition of isometric action of compact quantum groups
We have already noted that for any C * action β of a CQG S on C(X), the antipode, say κ of S is defined and bounded on the C * subalgebra generated by
• β is a well-defined and norm-bounded map on C(X). Moreover, β is always implemented in l 2 (Γ), for any countable dense subset Γ of X, as we have already observed. Thus, it is possible to define β (2) w.r.t. any such implementation, and we shall denote this by β 
where σ 23 denotes the flip of the second and third tensor copies. (ii) ∀x, y ∈ X, one has
The condtion of (ii) holds for all x, y in some (hence all) countable dense subset Γ of X.
(iv) For some (hence all) countable dense subset Γ of X, we have β
Proof:
The equivalence of (i) and (ii) is immediate. The equivalence of (ii) and (iii) is a consequence of the continuity of the map x → d x ∈ C(X), and hence (by the norm-contractivity of β), the continuity of x → β(d x ) ∈ C(X) ⊗ S. Finally, to prove the equivalence of (i) and (iv), we need to first note that in (i), i.e. the condition (3), β can be replaced by ad U for any unitary representation U of the CQG S in some Hilbert space, which implements β. In particular, U can be chosen to be U β Γ for any countable dense Γ, and then using the observation made before that (Ũ
, we see that (i) is equivalent to the following:
where U = U β Γ , which is clearly nothing but (iv). 2 [1] as well as the one proposed in [7] . Indeed, for such a space, C(X) = l 2 (X), and Γ = X can be chosen, with d viewed both as an element of C(X × X) as well as of l 2 (X × X). There is also the identically 1 function, say 1, in l 2 (X × X), which is cyclic and separating for C(X × X). Thus, the requirement β
This is precisely the proposed condition of [7] (and equivalent to the definition of Banica, as observed in [7] ).
In 
is isometric in our sense if and only if
U (2) (d) = d ⊗ 1, d being viewed as a vector in L 2 (X × X).
Existence of a universal isometric action
We shall construct a universal object in the category of CQG acting isometrically on (X, d) as a suitable quantum subgroup of the Hopf von Neumann algebraS. More precisely, it will be a suitable unital C * subalgebra of a quotient ofÃ by some Hopf von Neumann ideal, and we shall then show that this C * subalgebra, with the coproduct inherited from that ofÃ, becomes a CQG.
Let us fix a countable dense subset Γ of X, and denote by I d the (two sided, Hopf von Neumann) ideal ofÃ generated by elements of the form
Since Γ is countable and X is second countable, so that C is separable, this is clearly a separable unital C * subalgebra ofÃ/I d . This is also κ-stable, i.e. κ(B) ⊆ B. To see this, note that by the definition of the ideal I d , we have κ(α d (d y )(x)) = α d (d x )(y) ∈ B, and moreover, the unital * -subalgebra generated by {d x , x ∈ Γ} forms a dense subset of C by the Stone-Weirstrass
(where limit is in the norm topology), which completes the proof, noting that B is κ-stable. 2 We shall now see that B is actually a CQG. 
Proof:
For x ∈ Γ and f ∈ C, we have
which is in B ⊗ B, since (α d ⊗ id) • α d maps π Γ (C) into π Γ (C) ⊗ B ⊗ B, and C, B are unital C * -algebras. Using the notation used in the proof of Lemma 4.7, we have
and thus,
in the norm-topology, and hence applying ev x on both sides, we obtain Theorem 4.9 Consider the category Q(X, d) whose objects are pairs (S, β) where S is a CQG and β : C(X) → C(X) ⊗ S is a C * -action which is 'isometric' in the sense described before. The morphisms from (S 1 , β 1 ) (S 2 , β 2 ) are CQG morphisms which intertwine the maps β 1 and β 2 . Then (B, α d ) is a universal object of this category.
Proof
We have already seen that (B, α d ) is an object of the category Q(X, d). Now, given any object (S, β), we get by Lemma 3.2 a morphism (of Hopf von Neumann algebras) ρ :Ã →S such that ρ • α Γ =β (whereS and β are as in Lemma 3.2) . By the isometric condition of β, it follows that ρ(d x (y) − κ(d y (x))) = 0, i.e. ρ(I d ) = (0), so that we get an induced morphism ρ 1 :Ã/I d →S. Moreover, since by assumption β(f )(x) ∈ S for all x ∈ Γ and all f ∈ C, and since the * -algebra generated by elements of the form α d (f )(x), x ∈ Γ is norm-dense in B, it is clear that ρ 1 maps B into S, and it is indeed unique such homomorphism. This proves the universality of (B, α d ) in Q(X, d). 2
We shall call the above univesal object B the quantum isometry group of (X, d), and denote it by QISO(X, d).
